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A Planck-scale minimal observable length appears in many approaches to quantum gravity. It
is sometimes argued that this minimal length might conflict with Lorentz invariance, because a
boosted observer could see the minimal length further Lorentz contracted. We show that this is
not the case within loop quantum gravity. In loop quantum gravity the minimal length (more
precisely, minimal area) does not appear as a fixed property of geometry, but rather as the minimal
(nonzero) eigenvalue of a quantum observable. The boosted observer can see the same observable
spectrum, with the same minimal area. What changes continuously in the boost transformation is
not the value of the minimal length: it is the probability distribution of seeing one or the other of
the discrete eigenvalues of the area. We discuss several difficulties associated with boosts and area
measurement in quantum gravity. We compute the transformation of the area operator under a
local boost, propose an explicit expression for the generator of local boosts and give the conditions
under which its action is unitary.
I. INTRODUCTION
A large number of convincing semiclassical considera-
tions indicate that in a quantum theory of gravity the
Planck length LP should play the role of minimal ob-
servable length [1]. Indeed, this happens, in different
manners, in most, if not all, current tentative quantum
gravity theories. It is often argued that the existence of
this minimal length might signal a problem with Lorentz
invariance (for instance, see [2]). A Lorentz invariant
quantum theory can easily accommodate a basic observ-
able length (in a free quantum field theory of a mas-
sive scalar field, for instance, there is the Compton wave-
length of the particle), but is aminimal observable length
compatible with some form of Lorentz invariance? One
might argue that length transforms continuously under a
Lorentz transformation, and a minimal length LP is go-
ing to get Lorentz contracted in a boost. Thus, a boosted
observer should see a Lorentz contracted LP , namely a
length shorter than the length claimed to be minimal,
leading to a contradiction.
This arguments is certainly simple minded, but it has
had large resonance on quantum gravity research. The
apparent conflict between Lorentz transformations and
Planck scale discreteness, for instance, is often quoted
as one of the motivations for quantum deformations of
the Lorentz symmetry, and the use of quantum groups,
or q-deformed Lorentz algebras, in this context. Within
canonical quantum gravity, similar arguments have been
used to suggest that no state of the theory can be locally
Lorentz invariant, and so on.
In any case, it is clear that an approach to quantum
gravity predicting that an observer O observes a mini-
mal length LP must answer the question whether or not
a boosted observer O′ can observe this length Lorentz
contracted. And whether or not, in this sense, Planck
scale discreteness can be compatible with some form of
local Lorentz invariance.
Here, we show how the apparent conflict between
Lorentz contraction and Planck scale discreteness is re-
solved in loop quantum gravity [3] (for a review and ex-
tended references, see [4] and [5].) Within loop quantum
gravity, a minimal length appears characteristically in
the form of a minimal (nonzero) value A0 of the area of
a surface [6,7]. Here we show that in loop quantum grav-
ity a boosted observer O′ does not observe a Lorentz
contracted A0. The minimal (nonzero) area that the
boosted observer O′ can observe is still A0. We show
that Planck scale discreteness is compatible with a cer-
tain implementation of local Lorentz invariance, and we
study the transformation properties of the area operator
under an infinitesimal local boost.
A. The basic idea
The key to understand how this may happen is the fact
that in loop quantum gravity a minimal length does not
appear as a fixed structural property of space geometry.
Space geometry, indeed, has no fixed structural property
at all in this approach. The geometry of space comes from
a quantum field, the quantum gravitational field. There-
fore the observable properties of the geometry, such as,
in particular, a length, or an area, are observable prop-
erties of a quantum physical system. A measurement
of a length is therefore a measurement in the quantum
mechanical sense. Generically, quantum theory does not
predict an observable value: it predicts a probability dis-
1
tributions of possible values. Given a surface moving in
spacetime, the two measurements of its area performed
by two observers O and O′ boosted with respect to each
other are two distinct quantum measurements. Corre-
spondingly, in the theory there are two distinct operators
A and A′, associated to these two measurements. Now,
our main point is the technical observation that A and
A′ do not commute:
[A,A′ ] 6= 0. (1)
This is because A and A′ depend on the gravitational
field on two distinct 2d surfaces in spacetime (see Figure
1) and a field operator does not commute with itself at
different times. In this paper, we prove equation (1).
FIG. 1. Two observers in relative motion (arrows) see two
different table’s 2d surfaces (ovals) in spacetime, because their
simultaneity surfaces are different and have thus a different
intersection with the table worldsheet (cylinder).
It follows that a generic eigenstate of A is not an eigen-
state of A′. If the observer O measures the area and ob-
tains the minimal value A0, the state of the gravitational
field will be projected on an eigenstate of A. This, in
turn, is not going to be an eigenstate of A′. If then the
observer O′ measures the area, he will therefore find the
state in a superposition of eigenstates of A′. That is to
say, the theory predicts that, for him, the surface does
not have a sharp area. If the experiment is repeated sev-
eral times, O′ will observe a probability distribution of
area values. The mean value of the area can be Lorentz
contracted, while the minimal nonzero value of the area
can remain A0.
The situation is analogous to what happens with an-
gular momentum in the ordinary quantum mechanics
of a rotationally invariant system with given (say half-
integer) spin. Consider a certain direction, say the z di-
rection. If we measure the component Lz of the angular
momentum, we have a discrete spectrum with a minimal
nonzero value L0. One might argue that this predic-
tion conflicts with rotation invariance: if classical angu-
lar momentum components change continuously under a
rotation – how can then an angular momentum compo-
nent have a minimal value? But of course this concern
is ill founded. If an observer O′ rotated with respect to
O observes his own angular momentum component L′z,
he will still observe the same minimal (nonzero) value
L0. In particular, if the observation follows the observa-
tion of the value L0 by O, and if the experiment is re-
peated, O will observe a distribution of eigenvalues which
is uniquely determined by the well known representation
theory of the rotation group in the Hilbert space of the
theory. The same, we argue here, happens with the area
in loop quantum gravity.
Although this analogy is very illuminating, however,
the quantum gravity situation is far more complicated,
for a number of reasons:
i. The theory as a whole is not Lorentz invariant, and a
form of Lorentz invariance can only be recovered lo-
cally and/or in certain (“sufficiently flat”) regimes.
ii. The area A is a far more complicated function of the
basic variables of the theory than Lz.
iii. Lorentz transformations, unlike rotational symmetry,
do not happen at fixed time. Therefore the genera-
tors of the (local) Lorentz transformations have to
know about the dynamics of the theory, which is
highly nontrivial in quantum gravity.
iv. The very construction of the “Lorentz rotated” quan-
tity A′ is delicate, since it involves a careful analy-
sis in a general relativistic context of what it means
to measure the area of a surface for a boosted ob-
server.
v. The theory is invariant under diffeomorphisms; the
area of a surface defined by coordinate values is not
gauge invariant and we need a physical dynamical
quantity to fix the surface whose area we want to
consider [8].
For all these reasons, it is not obvious that the quantum
area can behave “as the Lz component of the angular mo-
mentum”. In this paper, we analyze all these problems
with care, and we show that in spite of all these compli-
cations, and under certain reasonable assumptions, what
happens to the area under a Lorentz boost in loop quan-
tum gravity is indeed precisely what is described above
and is illustrated by the analogy with the angular mo-
mentum.
Our strategy is the following. First, we address (v.) by
considering a physical system formed by general relativ-
ity coupled to a minimal and realistic amount of matter,
sufficient to have a well defined and diffeomorphism in-
variant notion of area. Notice that this is precisely the
context in which the claim that the discretization of the
area is a physically observable prediction of the theory
was put forward [9]. Second, we address (iv.) by care-
fully discussing the meaning of the measurement of the
area A′ “seen” by a boosted observer in classical general
relativity (Section II.) Then, we solve (ii.) by explicitly
computing A and A′ as functions of the canonical vari-
ables of the theory (Section III.) This is done in a power
expansion in the boost parameter, which allows us to ad-
dress (iii.) by expressing quantities at t > 0 in terms of
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quantities at t = 0, using the equations of motion. In
turn, this result allows us to derive (1) and compute ex-
plicitly the first terms of this commutator in an expansion
in the boost parameter (Section IV.) Then (Section V),
we construct a quantity that we suggest could generate
the boost. This generator depends on the hamiltonian
constraints, thus addressing (iii.). Finally in Section VA
we derive the conditions under which this transformation
is unitary, and thus the spectrum preserved.
Finally, (i.) is addressed by means of a delicate inter-
play between the full dynamical structure of the theory
and the request of local flatness needed to have Lorentz
invariance over a small spacetime region. We are inter-
ested in small scale quantum discreteness and small scale
quantum fluctuations of the gravitational field, in quan-
tum states in which the metric is macroscopically flat.
That is, in which the macroscopic expectation value of
the metric operator, is flat. To describe this regime, we
first analyze the problem in the classical theory: we ex-
pand for small boost parameter and small surface, and
keep only the lowest order relevant terms. We then as-
sume that in the quantum theory the expansion remains
valid in the regimes where the expectation value of the
macroscopic curvature is small. This is not different from
what we usually do in conventional quantum field theory:
we take the field to be zero in the vacuum and expand
around this value – even if the field fluctuates widely on
small scale, and its value is moved far away from zero by
a field measurement at small scale. Of course in nonper-
turbative quantum gravity we have far less control on the
quantum state of the gravitational field that corresponds
to macroscopical flat space, and therefore the viability of
this approach we should cautionally be regarded as an
hypothesis.
In addition, in Section IVA we briefly discuss an alter-
native point of view, which we have learned in conversa-
tions with Amelino-Camelia, on the non commutativity
between A and A′. The idea is to view the non commu-
tativity of A and A′ as a consequence of the noncommu-
tativity between the area of the surface and the relative
velocity of the observer and the surface. We refer to [10]
for a more extensive discussion.
II. GEOMETRY
A. The system
We consider the physical system formed by four phys-
ical elements:
i. the gravitational field,
ii. two particles,
iii. a two-dimensional surface (the “table”).
These are the dynamical quantities of the system we con-
sider. They provide a minimal setting in which we can
compare the area observed by two observers boosted with
respect each other. We are interested in the area of the
table, as seen by two observers (O and O′), moving with
the two particles.
Besides these dynamical quantities, we assume that
all sort of other physical objects exist in the universe.
These can be used to perform measurements (for in-
stance, light pulses traveling along geodesics, apparatus
that detect the arrival of these light pulses, clocks that
measure proper time along world lines, recording devices
and so on). We do not consider these other physical
objects as part of the dynamical system observed: we
consider them as part of the measuring apparatus. To
be precise, we assume that the well known freedom of
choosing the boundary between the observed quantum
system and the classical apparatus –emphasized by Von
Neumann– allows us to do so in this context.
We describe the system in a general relativistic setting
as follows. We consider a 4d manifold M, with coordi-
nates xµ, on which the following quantities are defined:
i. The gravitational field g is described by the metric
tensor gµν(x).
ii. The world lines X and X ′ of the two observers are
given by the functions
X : R→M
: τ 7→ xµ(τ) (2)
and
X ′ : R→M
: τ ′ 7→ xµ(τ ′) (3)
(we follow here the bad physicists’ habit of indicat-
ing functions with the name of the independent and
dependent variable: xµ(τ ′) is given by a different
function that xµ(τ), of course.)
iii. The world sheet T of the table is described by the
three-dimensional hypersurface
T : [−1,+1]× [−1,+1]×R→M
: (τ1, τ2, τ3) 7→ xµ(τ1, τ2, τ3) (4)
The functions (gµν(x), x
µ(τ), xµ(τ ′), xµ(τ1, τ2, τ3)) are
the lagrangian variables of the system. We assume the
dynamics of this system to be governed by the the Ein-
stein equations and the dynamical equations of the table
and the particles. For simplicity, we assume that the mat-
ter energy-momentum tensor is negligible in the Einstein
equations, but this is not essential in what follows.
We are interested in a specific subset of physical con-
figurations. First, we want the world lines of the two ob-
servers to cross at a point P situated on the table world
sheet. Second, (in the classical analysis) we assume that
the curvature at and around P and the acceleration of
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the particles at P are negligible at the scale of the sur-
face. That is, we take the surface small enough that we
can expand around P and keep the lowest terms only.
What is the area A of the table seen by O when at
P? The answer is the following. A is the area of the
2d surface S formed by the intersection of the 3d table’s
worldsheet T with the 3d simultaneity surface Σ of O at
P .
X ’
- t’
- t
+t’
+t
Σ ’
FIG. 2. The definition of the simultaneity surface.
The simultaneity surface Σ is the set of points in M
whose light cone intersects X in two points at the same
proper time distance (along X) from P . Physically, these
are the events where a mirror reflects a light pulse emitted
by the observer at proper time −t such that the reflected
pulse gets back to the observer at proper time +t (t =
0 being at P ). This is Einstein definition of (relative)
simultaneity. (See Figure 2.)
The intersection between the surface of simultaneity
of the observer Σ and the table world history T is a two
dimensional surface S = Σ ∩ T . It represents the “table
at fixed time” in the frame of the observer O at P . The
area A is the integral over S of the determinant of the
restriction 2g of the metric g to S. The area A is there-
fore a complicated function A[g,X,X ′, T ] of —but it is
completely determined by— the metric g the world line
X , the hypersurface T , and the crossing point P . We
calculate this function explicitly in Section II B. Simi-
larly, A′ is the area of the intersection between T and
the simultaneity surface of O′ at P . (See Figure 3.)
We call vµ (and, respectively, v′µ) the unnormalized
four-velocity of X (respectively X ′) at P
vµ =
dxµ(τ)
dτ
∣∣∣∣
P
. (5)
(v′µ is defined in the same manner by xµ(τ ′).) The angle
between the two tangents gives the relative speed V of
the two observers O and O′
γ =
1√
1− V 2 =
v · v′
|v| |v′| . (6)
where the scalar product and the norm are taken here
with the metric at P . For simplicity, we also assume that
the relative three-velocity of the two observers is tangent
to the table. (We are not interested in transversal motion
because it does not give rise to Lorentz contraction.) We
say that the table is at rest with respect to X , if the
world sheet of the boundary of the table is normal to
Σ. (If the surface is sufficiently small this implies that A
maximizes the area with respect to v.)
Σ
X X’
T
P
S
S’ Σ ’
FIG. 3. The definition of S and S′.
The quantities A and A′ are diffeomorphism invariant
functions of g, X , X ′ an T . They are invariant under
a smooth displacement of these dynamical quantities on
M. They do not depend on the coordinates chosen on
M, nor on any structure on M besides the dynamical
fields. They are fully gauge invariant observables in this
dynamical system. They are physical quantities that are
in principle observable, by using appropriate measuring
devices (formed by light pulses, detectors, clocks, and
else). The specific technical construction of these devices
is not relevant here.
In this paper we consider the quantum theory corre-
sponding to this dynamical system. In particular, we con-
sider the quantum operators corresponding to the phys-
ically observable quantities A and A′, we show that (1)
is true, and that the operator A′ can be obtained (under
certain assumptions) from a unitary transformation that
implements a local Lorentz transformation in the Hilbert
space of the theory.
B. Area in general relativity
What is the area A(S) of the (small) 2d surface S given
by the intersection of two 3d hypersurfaces Σ and T ?
Here we show that A(S) can be written in terms of the
one-forms nΣµ and n
T
µ normal to the two hypersurfaces.
We shall then use this fact to directly connect the area
to the motion of the observers. The table worldsheet T
is parametrized by xµ(τ1, τ2, τ3). Its normal one-form is
nTµ = ǫνρσµ
∂xν
∂τ1
∂xρ
∂τ2
∂xσ
∂τ3
. (7)
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It does not depend on the metric. Similarly, the normal
of the hypersurface Σ, parametrized as xµ(ρ1, ρ2, ρ3), is
nΣµ = ǫνρσµ
∂xν
∂ρ1
∂xρ
∂ρ2
∂xσ
∂ρ3
. (8)
The normal two-form of the intersection S = Σ ∩ T
parametrized as xµ(u, v), is
nµν =
1
2
ǫµνρσ
∂xρ
∂u
∂xσ
∂v
. (9)
It is convenient to choose parametrizations such that
u = τ1= ρ1
v = τ2= ρ2 (10)
and
ǫµνρσ
∂xµ
∂u
∂xν
∂v
∂xρ
∂τ3
∂xσ
∂ρ3
= 1. (11)
Then we have easily
nµν = n
Σ
[µ n
T
ν]. (12)
The area of a 2d surface is
A = A(S) =
∫
S
dudv
√
det 2g
=
∫
S
dudv
√
det
(
∂xµ
∂ui
∂xν
∂uj
gµν
)
. (13)
where ui = (u, v) and the determinant is on the i, j = 1, 2
indices.
Consider now the equality
2gnµνnαβg
µαgνβ =
g
2
ǫµνρσǫαβγδ
∂xρ
∂u
∂xσ
∂v
∂xγ
∂u
∂xδ
∂v
gµαgνβ
= −1
2
ǫµνρσǫ
µνζθ ∂x
ρ
∂u
∂xσ
∂v
∂xζ
∂u
∂xθ
∂v
=
∂xρ
∂u
∂xρ
∂u
∂xσ
∂v
∂xσ
∂v
−
(
∂xρ
∂u
∂xρ
∂v
)2
= det
(
∂xµ
∂ui
∂xν
∂uj
gµν
)
, (14)
obtained using
ǫαβγδ = −gǫµνρσgµαgνβgγρgδσ,
ǫµνρσǫ
µνζθ = 2 (δζσδ
θ
ρ − δζρδθσ). (15)
Using this, the area of S can be written as (g = det gµν)
A =
∫
S
dudv
√
2 g nµν nαβ gµα gνβ
=
∫
S
dudv
√
g (nTµn
Σ
ν n
T
αn
Σ
β − nTµnΣν nΣαnTβ ) gµαgνβ
≡
∫
S
dudv
√
g |nT |2 |nΣ|2 − (nT · nΣ)2 (16)
This expression gives us the area directly as a function
of surface S, the metric and the normals to the table
worldsheet and the observer’s simultaneity surface.
III. DYNAMICS
A. Coordinate choice
Without important loss of generality, we chose coor-
dinates xµ = (t, x1, x2, x3) which are particularly conve-
nient for the above setting. In these preferred coordi-
nates: (i) P is the origin. (ii) The 3-surface T is defined
by −1 < x1 < +1, −1 < x2 < +1 and x3 = 0. (iii) The
world line X is defined by x1 = x2 = x3 = 0. (iv) The
world line X ′ is defined by x2 = x3 = 0 and x1 = βx0.
Furthermore we choose the parameters parametrizing the
world lines and the world sheet as τ = τ ′ = τ3 = t,
u = τ1 = x1 and v = τ2 = x2.
We also further fix the coordinates by choosing the
gauge in which at t = 0 we have g00 = −1 and ga0 = 0
for a = 1, 2, 3. This simplifies the canonical analysis.
A very important observation follows. With these co-
ordinates, namely in this gauge, the only remaining de-
grees of freedom are the ones in the metric tensor gµν(x).
However, this does not mean that the physical degrees of
freedom of the matter (the two particles and the table)
are being killed or frozen. Indeed, it is well known that
the coordinate position of matter and the value of the
metric tensor are both gauge dependent quantities, due
to diffeomorphism invariance. The physical, measurable,
position of an object (relative to a reference object) is
determined by a combinations of the two.
Let us illustrate this key point in a simple one-
dimensional universe with a metric field g(x), an object
A in the coordinate positions x = X and a reference ob-
ject in the coordinate position x = 0. The position of A
is determined by the distance from the reference
d[g,X ] =
∫ X
0
dx
√
g(x). (17)
d is a diffeomorphism invariant quantity. It corresponds
to what we actually measure: pick a meter a get the
position of A in meters from the reference – this measures
d. Now, we can gauge fix the coordinate x so that g = 1.
In this gauge, the observable quantity d is given by the
coordinate position of the object:
d = X. (18)
This is what we generally do in flat space: coordinates
give observable positions. Alternatively, we can choose
coordinates in which the position of the object has a fixed
predetermined coordinate value X = 1. In this gauge
d =
∫ 1
0
dx
√
g(x). (19)
With this gauge choice, the physical location of the ob-
ject, namely its distance d from the reference is deter-
mined by the sole metric field.
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These two possibilities are familiar, for instance, in the
context of gravitational wave detectors: We can equiva-
lently say that “the two mass probes do not move and
the gravitational field varies in the in between region”;
or that “the two mass probes oscillate in space” (where
“move” and “oscillate” refer to the coordinates.) These
are two equivalent descriptions of the same physics.
In the present context, we have chosen to attach co-
ordinates to the matter (particles and table). Therefore
the dynamics is entirely captured by the value of the
gravitational field.
To further illustrate how the physical degrees of free-
dom of the table and the particle are still present, as well
as for later purposes, consider for instance the following
value of the metric, in the given coordinates:
ds2 = gµν(x) dx
µdxν
= −dt2 + (1 + 4αx1t)(dx1)2 + (dx2)2 + (dx3)2. (20)
Let ~x(t) be the trajectory of the central point of this
table, that is, the point at the same distance from its
boundaries. Easily, to first order in t,
~x(t) = (αt, 0, 0) . (21)
Therefore the relative velocity of the particle X with re-
spect to the center of the table is α. In other words, the
particle X and the table T are moving with respect to
each other even is their coordinate positions have been
fixed. The relative velocity of table and particle is given
by the time derivative of the metric field. (gµν(x) does
not depend on α at t = 0, while its time derivative does.)
The example illustrate how the physical motion of the
particles and table is described by components of the
metric tensor in this gauge.
Now, since we have partially fixed the gauge by fix-
ing the coordinate position of the matter, it follows that
the invariance under general coordinate transformations
is reduced to the invariance under the change of coor-
dinates that preserve the coordinate condition chosen.
Equivalently, the diffeomorphisms group Diff, which is
the gauge group, is reduced in this gauge to the sub-
group Diff0 formed by the diffeomorphisms that send the
table and particles’ worldlines into themselves.
As a consequence, certain components of the gravita-
tional field that are gauge dependent quantities in pure
general relativity, become gauge invariant physical quan-
tities, precisely as the r.h.s. of (19). In particular, in this
gauge the areas A and A′, which are gauge invariant ob-
servables, are expressed solely in terms of g, but they still
remain, of course, gauge invariant.
We can clarify this point with an analogy fromMaxwell
theory: in the gauge in which scalar potential is set to
zero, A0 = 0, the electric field (a gauge invariant quan-
tity) is given by the sole time derivative of the Maxwell
vector potential: ~E = d ~A/dt. In this gauge d ~A/dt repre-
sents a gauge invariant quantity, because the gauge trans-
formation are reduced to the ones that preserve A0 = 0.
Similarly, in the coordinates we have chosen the area is
given by a function of g alone, and is gauge invariant
because it is invariant under coordinate transformations
that preserve the coordinate choice made.
We have discussed these issues in great detail in this
Section, because they are sources of frequent confusion.
Let us now write A explicitly as a function of the metric
field in the coordinates we have chosen.
B. Area as function of canonical coordinates
In the coordinates we have chosen, the table worldsheet
T is given by
T :


x3 = 0,
−1 < x1 < +1,
−1 < x2 < +1
(22)
and the simultaneity surface Σ of the first observer by
Σ : t = 0. (23)
Therefore
nΣµ = (−1, 0, 0, 0),
nTµ = (0, 0, 0, 1). (24)
Also, the proper time of the observer coincides with t.
Equation (16) becomes the well known formula
A = A(S) =
∫
S
dudv
√
˜˜g33 . (25)
where we have defined ˜˜g33 = (− det g) g33. Explicitly,
since S is the intersection of the surface Σ and the table
worldsheet T we have from (22) and (23)
A =
∫ 1
−1
du
∫ 1
−1
dv
√
˜˜g33(0, u, v, 0). (26)
Consider now the observerO′. His simultaneity surface
Σ′ is determined by the worldline X ′. The 4-velocity of
this world line X ′ at P is
v′µ = (1, β, 0, 0). (27)
If gµν is constant, Σ
′ is just normal to the 4-velocity
(27): in the parametrization ~ρ = (ρ1, ρ2, ρ3) that we have
chosen, it is given by
xµ(~ρ) = (β g1aρ
a, ~ρ) (28)
where a = 1, 2, 3. Using (8), we have, in the coordinates
and parametrization chosen
nΣ
′
µ = (−1, βg1a), (29)
Since gµν(x) is in general not constant, the detailed cal-
culation of the position of Σ′ is more cumbersome. We
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can shortcut it, to linear order around P , by simply tak-
ing the value of gµν(x) in (28) at a point xˆ
µ = 12x
µ half
way between P and the point of the surface. (This is
in “the middle” of path of the light that defines Σ′. A
more detailed calculation –which we do not report here–
obtained integrating explicitly the light paths in a metric
that grows linearly in time, confirms the result.) That is,
to next order we replace (28) by
xµ(~ρ) = (βg1a(xˆ(~ρ)) ρ
a, ~ρ) . (30)
This equation defines x(~ρ) intrinsically, since x(~ρ) ap-
pears in the r.h.s. as well. Explicitly, to second order in
β we have
x0(~ρ) = βg1a(0, ~ρ/2)ρ
a +
1
2
β2g˙1b(0, ~ρ/2)ρ
b g1a(0, ~ρ/2)ρ
a
xa(~ρ) = ρa. (31)
O′’s simultaneity hypersurface defines the surface Sβ =
Σ′ ∩ T , as the table seen by O′ at his fixed time. (See
Figure 3.) Combining (31) and (22) we have, in the
parametrization chosen, again to order β2
x0(u, v) = βg1i(u/2, v/2)u
i
+
β2
2
g˙1i(u/2, v/2)u
ig1j(u/2, v/2)u
j,
x1(u, v) = u1 = u,
x2(u, v) = u2 = v,
x3(u, v) = 0. (32)
Here and from now on, gµν(u, v) = gµν(0, u, v, 0) and
gµν = gµν(0, 0, 0, 0)
From (16) we have for the second observer
A′ = A(S′) =
∫
S′
dudv
√
˜˜g33 [1− β2 g11]. (33)
Explicitly,
A′ =
∫ 1
−1
du
∫ 1
−1
dv
√
˜˜g33(x(u, v)) [1− β2 g11(x(u, v)]. (34)
Using (32), we have to order β
A′ = A+
β
2
∫ 1
−1
du
∫ 1
−1
dv g1i(u, v) u
i
× (˜˜g33(u, v))−1/2 ˙˜˜g33(u, v). (35)
To order β2 we have
A′ =
∫ 1
−1
du
∫ 1
−1
dv
√
˜˜g33(x(u, v))
+
β
2
∫ 1
−1
du
∫ 1
−1
dv g1i(x(u, v)) u
i (˜˜g33(u, v))−
1
2
˙˜˜g33(u, v)
+
β2
4
∫ 1
−1
du
∫ 1
−1
dv g1i(u, v)u
i g1j(u, v)u
j
× (˜˜g33(u, v))− 12 ¨˜˜g33(u, v)
−β
2
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∫ 1
−1
du
∫ 1
−1
dv (˜˜g33(u, v))−
3
2 (g1i(u, v)u
i)2( ˙˜˜g33)2(u, v)
−β
2
2
∫ 1
−1
du
∫ 1
−1
dv g11(u, v) (˜˜g
33(u, v))
1
2 , (36)
and so on. The second, third and fourth line of this
equation come from the time derivatives of ˜˜g33, which
depend on β. The last line comes from the β2 in (34).
Notice that there is still a β dependences in the first two
lines, because x(u, v), given in (32), contains β.
Let us now make the additional assumption that the
metric is spatially constant at t = 0. This simplifies the
expressions above and allows us to perform the integrals
explicitly, but it is not essential: it is easy to generalize
our result to a non spatially constant metric. Under this
condition we can write
gµν(x(u, v)) = gµν + β g1iu
i g˙µν +
β2
2
g1ju
j g˙1iu
i g˙µν
+
β2
2
g1ju
j g1iu
i g¨µν . (37)
Inserting this in the first two lines of (36), we can do
all the integrals explicitly. The ones linear in u vanish,
leaving, to second order in β, with a straightforward cal-
culation
A =
√
˜˜g33 (38)
A′ = A− 2β2 g11A
+β2 (g211 + g
2
22)
(
∂2t ˜˜g
33
3A
− (∂t
˜˜g33)2
6A3
)
+ β2 (g11g˙11 + g12g˙12)
∂t ˜˜g
33
3A
. (39)
IV. NON COMMUTATIVITY
So far, we have simply studied the form of the areas
A and A′ seen by two accelerated observers, in a given
metric. Let us now recall that the metric is the gravita-
tional field, namely a dynamical physical field. We want
to write A and A′ as functions on the phase space of
our dynamical theory, and compute the Poisson bracket
{A,A′}. To this aim, we take the simultaneity surface
Σ, that is t = 0 in the coordinates chosen, as our ADM
surface, on which we base the canonical formalism. As
usual in quantum gravity, we chose as canonical variable
the Ashtekar’s field Eai (x), namely the densitized tetrad
field, which satisfies
Eai (x)E
b
i (x) = ˜˜g
ab(x). (40)
We consider the metric field (which we leave indicated
when convenient) as a function of the tetrad field. The
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explicit form of the brackets in the r.h.s. depends on the
dynamics of the matter field, which in the coordinates we
have chosen affects the dynamics of the gravitational field
by partially constraining the evolution of Lapse and Shift.
However, one can easily see that even if we assume that in
these coordinates the dynamics of the gravitational field
is unaffected by the matter, the r.h.s. does not vanish.
In this case, indeed, we can take the evolution in the
coordinate t to be generated simply by the pure gravity
hamiltonian constraint (we are in Lapse=1, Shift = 0
gauge), namely
E˙ai = {Eai , H},
A˙ia = {Aia, H}, (41)
where
H =
∫
d3x Eai E
b
jF
k
abǫk
ij
=
∫
d3x Eai E
b
j (∂aA
k
b ǫk
ij +Ai[aA
j
b])). (42)
Recalling that the non vanishing Poisson brackets are
given by
{Eaj (x), Akb (y)} = δab δkj δ3(x, y), (43)
we can compute the Poisson brackets explicitly.
Surprisingly,
{˜˜g33, ˙˜˜g33} = 0 (44)
and
{˜˜g33, ¨˜˜g33} = 0. (45)
The first equality follows from
{˜˜g33, ˙˜˜g33} = 2E3i E3j {E3i , E˙3j }
= 2E3i E
3
j {E3i , E3[jEak]Aka}
= 2E3i E
3
j E
3
[jE
3
i]
= 0. (46)
The second equality can be derived from
{˜˜g33, ¨˜˜g33} = E3i {E3i , (2E˙3j E˙3j + E3j E¨3j )} (47)
Of the two terms on the r.h.s., the first is proportional
to {E3i , E˙3j }, which, as he have just seen, vanishes. The
second can be written as
E3i E
3
j {E3i , E¨3j } = E3i E3j (∂t{E3i , E˙3j } − {E˙3i , E˙3j }); (48)
again, the first term in the parenthesis vanishes as we
have seen, while second term is antisymmetric in i and j.
Thus, only the last term of (39) does not commute with
(38). A long but straightforward calculation gives indeed
{A,A′} = 8
3
β2 (g211 + g
2
12) AA˙. (49)
Since the Poisson brackets between A and A′ do not van-
ish, the commutator of the corresponding quantum oper-
ator cannot vanish either. Otherwise in the h¯ → 0 limit
the commutator could not reproduce the classical Pois-
son brackets. This confirms our main claim, equation
(1).
For later purposes we write also the expression for A′
to first order in β without the assumption of spatially
constant metric: inserting (40) in (35) we get
A′ = A+ β
∫ 1
−1
du
∫ 1
−1
dv g1i(u, v)u
i ×√
E3i (u, v)E
3
i (u, v) E
3
i (u, v)E˙
3
i (u, v). (50)
A. The velocity of the surface
We close the chapter with an observation, that we
learned in discussions with Amelino-Camelia. In flat
space, the area A′ observed by O′ is related to the area A
seen by an observer O at rest with respect to the surface
by
A′ =
√
1− V 2 A (51)
where V is the relative velocity of the two observers. If
the surface is sufficiently small, the same should be true
in general relativity. But this seems in contradiction with
(1), which we claim to be the key to understand the prob-
lem at hand. Indeed, if A is an operator, (51) seems to
express A′ as a simple function of A: but a function of
an operator commutes with the operator itself, therefore
A′ should commute with A, against (1). The answer to
this objection is illuminating. In general relativity, A be-
comes a quantum operator because it is a function of the
metric, namely a function of the quantum field. But the
velocity V that appears in (51) depends on the metric as
well. Indeed the V that appears in (51) is not a coordi-
nate velocity, it is a physical velocity, and it depends on
gµν as well. Thus V as well is an operator in quantum
gravity. Therefore the operator A′ is not a simple func-
tion of the operator A. The non commutativity (1) of A
and A′ can thus be equivalently viewed as a consequence
of the non commutativity of A and V . Therefore one
can also say that the apparent incompatibility between
discreteness and Lorentz contraction is resolved by ob-
serving that the measurements of area and velocity of a
surface are incompatible.
To be more precise, since the relative velocity between
observer and surface does not commute with the area,
it does not make sense to start by assuming that the
first observer O is at rest with respect to the surface.
Dropping this, we must replace (51) by
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A′ =
√
1− v′2√
1− v2 A (52)
where v and v′ are the relative velocities of the two ob-
servers O and O′ with respect to the surface. In general
relativity this becomes complicated because the notion of
rest frame of a non-local object –such as the surface– is
far more complicated than in special relativity. Since the
location of the surface we consider is only defined by its
boundary, its rest frame depends only on its boundary as
well. The distance of the boundary from the observer is
determined by the value of the gravitational field on the
surface itself; the velocity of the boundary with respect
to the observer (that is, the rate of change of this dis-
tance in the observer’s proper time) depends, therefore,
on the time derivative of the gravitational field. This is
shown above in a concrete example in Section III A. Since
the gravitational field operator does not commute with
its own time derivative, this velocity does not commute
with the area. As v and v′ do not commute with A, A′
does not commute with A either. This point is discussed
in detail by Amelino-Camelia in [10].
Physically, all this means that by measuring the area,
an observer destroys information on the velocity of the
surface —as measuring the position of a quantum particle
destroys information on its momentum.
In facts, one might have considered another possible
solution for the apparent conflict between Lorentz con-
traction and discreteness. Recall that one can say that
the rest energy E0 of a massive particle is a non-Lorentz-
invariant quantity (it is the fourth component of a four-
vector), but it is also a fixed fundamental observable
quantity in a Lorentz invariant theory. There is no con-
tradiction, because E0 is measured in a special frame de-
termined by the state itself. Similarly, we might imagine
that A0 always appears as the minimal area of a material
object in its own rest frame. The explicit computation
of this paper shows that this is not the case. But the ob-
servation above clarifies why: a measurement of the area
erases information on the velocity of the surface. Pre-
sumably, a quantum measurement of the area A projects
the system into a state in which v is maximally spread:
then the mean value of this velocity is in any case zero
after the measurement.
V. BOOSTS GENERATORS
We now want to study the transformation that maps
the operators A and A′, corresponding to the classical
quantities A and A′, into each other. In particular, we
are interested in understanding if this transformation can
be seen, in an appropriate sense, as a Lorentz transforma-
tion. The subtlety is the interplay between the assump-
tion of approximate local flatness of the mean values of
the quantum fields and the full dynamical structure of
the theory. We place ourselves in the frame of the full
theory, but studied in the vicinity of the states which are
macroscopically flat around P . We suggest here that in
this context one can define a unitary transformation in
the Hilbert space of the theory, which sends A into A′.
If this is correct, the spectrum of the two operators is
the same, a result which is to be expected on physical
grounds.
To this aim, we explicitly consider quantitiesMµν that
behave as generators of Lorentz transformations. For a
field theory on flat space, the construction of these quan-
tities is well known (see for instance [11]). We briefly
recall it here. Define
Mµν =
∫
d3x
[
x[µT 0|ρ] ηρν − i ∂L
∂φ˙n
(Lµν)
n
mφ
m
]
, (53)
where we have indicated by φm(x) the fields; m is a
generic Lorentz index; T µν is the energy momentum ten-
sor, L is the Lagrangian density (and therefore ∂L
∂φ˙n
are
the momenta conjugate to the fields), (Lµν)
n
m are the
generators of the Lorentz representation to which the
fields belong, and ηµν is the Minkowski metric. In a
Lorentz invariant theory, (53) are constant. Let us in-
dicate by qn(x) the canonical fields, by pn(x) their con-
jugate momenta. Other fields will be the auxiliary ones
–the ones with vanishing conjugate momentum. We can
write
Mab =
∫
d3x pn(x)
[
x[c∂a]qn(x) ηcb − i(Lab)nmqm(x)
]
.
(54)
and it is easy to verify that these are indeed generators of
spatial rotations. More care is required for the boosts, be-
cause in general they mix canonical and auxiliary fields:
M0a =
∫
d3x
[−x0pn(x)∂aqn(x) − ηacxcT 00(x)
−ipn(x)(L0a)nmφm(x)
]
(55)
[Notice that these quantities are constants in time, but
they do not commute with the Hamiltonian –in fact, they
Lorentz transform the Hamiltonian H into the total mo-
mentum Pa, as is to be expected geometrically. This is
because of they are explicitly time dependent:
0 = M˙0a =
{
H,M0a
}
+
∂M0a
∂t
(56)
from which
{
H,M0a
}
= −
∫
d3x pn(x)∂a q
n(x) = Pa. (57)
This is why they do not give good quantum numbers in
spite of being constant.]
Let us now come to gravity. In gravity, we can still
write the quantities (53). These are formal objects. They
are not tensorial, not defined for all values of the fields,
not defined on the entire spacelike surface. Neverthe-
less, they can still play a role. Indeed, let us consider
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the transformation they generate over a function of the
fields which has support in a region small with respect
to the local curvature, or in a regime in which spacetime
is close to flatness. In this regime, we can take the xµ as
cartesian coordinates, and we can take these objects as
the generators of Lorentz transformations.
Consider in particular the component T 00(x). This is
the hamiltonian constraint density, since
T 00(x) = H(x) =
∑
m
∂L
∂φ˙m
(x)φ˙m(x)− L(x). (58)
If we can fix the gauge N(x) = 1, Na(x) = Ai0(x) = 0,
A˙ = {A,H}, the hamiltonian density (58) coincides with
the hamiltonian constraint H(x) [12]. The momentum,
T 0a(x) = − ∂L
∂φ˙m
(x)∂aφ
m(x), (59)
generates spatial translations. Spatial translations are
generated by the momentum constraint Ha(x) in general
relativity. At the light of these considerations, we ten-
tatively consider the possibility that the boost generator
that sends the area in the boosted area is given by
M0a =
∫
d3x [x0Ha(x) + x0Aia(x)Gi(x)
−gaµ(x)xµH(x)− iEbi (x)(L0a)µbAiµ(x)] (60)
Notice the replacement of the Minkowski metric by
gµν(x). More precisely, we consider the possibility that
an infinitesimal Lorentz boost λa0 acting in the point x,
is generated by
M(λ) = λa0 M
0
a (61)
In our case, x0 = 0 and
λµν = β ǫ
µ
ν23; (62)
therefore the generator turns out to be
M(β) = β M01 (63)
Taking account that we are at x0 = t = 0 and in the
gauge Ai0 = 0, we have
M(β) = − β
∫
d3x g1a(x) x
a H(x) (64)
In order to check this hypothesis, we compute the in-
finitesimal transformation of A generated by this gener-
ator. Since{
M(β),
√
E3j (x)E
3
j (x)
}
=
=
∫
d3z
δM(β)
δAib(z)
δ
√
E3j (x)E
3
j (x)
δEbi (z)
=
δM(β)
δAi3(x)
[E3j (x)E
3
j (x)]
− 1
2 E3i(x)
= −β
∫
d3y g1a(y)y
a δH(y)
δAi3(x)
[E3j (x)E
3
j (x)]
− 1
2 E3i(x)
= βg1a(x)x
a E˙3i (x) [E
3
j (x)E
3
j (x)]
− 1
2 E3i(x), (65)
it follows
{M(β), A} = β
∫ 1
−1
du
∫ 1
−1
dv g1i(u, v)u
i ×√
E3i (u, v)E
3
i (u, v) E
3
i (u, v)E˙
3
i (u, v). (66)
But this is precisely the second term in the r.h.s of Equa-
tion (50), which is the infinitesimal transformation of A
we had previously worked out geometrically. This result
supports the hypothesis that (63) is the correct generator
of the local Lorentz boost.
A. Unitarity
Let us now return to the quantum theory. Consider
the quantum operator M(λ) corresponding to the classi-
cal observable (61). We assume that this operator is well
defined in the theory. The corresponding finite transfor-
mation is generated by
U(λ) = e−iM(λ), (67)
This operator is unitary ifM(λ) is hermitian. This is the
condition under which the Lorentz transformation is uni-
tary in the quantum theory. Assuming it is satisfied, the
spectrum of the areas A and A′ is the same. Conversely,
since on physical grounds nothing distinguishes A from
A′, we think it is reasonable to require that the operator
M(λ) be hermitian.
Let us study this condition. Consider the infinitesimal
action of the operator (67) on the states of the theory.
We take x0 = 0 and λ given by (62), so that (60) reduces
to (64)
|ψβ〉 = |ψ〉+ iβ
∫
d3x g1a(x) x
a H(x) |ψ〉 (68)
and is determined by the hamiltonian operator. Recall
that a basis of area eigenstates is given by spin network
states [13,14]. We denote a spin network state as |Γ, j〉,
where Γ is a graph, and j the coloring associated to the
links and nodes n in Γ. We can expand
|ψ〉 =
∑
Γ,j
ψΓ,j |Γ, j〉 (69)
We recall that the action of the Hamiltonian constraint
smeared with a Lapse N is a sum of terms acting on the
nodes of the form [15,16]
Hˆ [N ] |Γ, j〉 =
∑
n∈Γ
AnN(xn)Dn |Γ, j〉. (70)
where xn is the coordinate location of the n-th node,
An are numerical coefficients and Dn is an operator that
acts on the graph changing it around the n-th node. See
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[4] and especially [5] and references therein, on the ac-
tual construction of the hamiltonian constraint operator.
Here the Lapse is one. Using all this we obtain
|ψβ〉 ≃ |ψ〉+ iβ
∑
Γ,j
ψΓ,j
∑
n∈Γ
An (g1ax
a
n)Dn |Γ, j〉 (71)
In particular, if consider a spin network |Γ, j〉, eigenstate
of A, the probability amplitude that O′ sees it in a dif-
ferent spin network eigenstate |Γ′, j′〉 is
P = β
∑
n∈Γ
An 〈Γ′, j′|g1axanDn |Γ, j〉. (72)
We leave the problem of the actual definition of the node
operator g1ax
a
nDn in the quantum theory to future in-
vestigations.
VI. DISCUSSION AND CONCLUSIONS
In loop quantum gravity the metric is an operator.
The area of a surface is a quantum observable. At the
Planck scale, this area is quantized and there is a finite
nonzero minimal value. Under a Lorentz transformation,
we expect this minimal value not to change. That is, we
expect that two observers boosted with respect to each
other, see the same spectrum. We have studied here the
transformation that relates the observables of the two
observers.
We have analyzed in detail the situation in classical
general relativity, and written the form of the two observ-
ables explicitly. We have shown that these two observ-
ables have nonvanishing Poisson brackets, which implies
that the corresponding quantum operators cannot com-
mute. Therefore if the value of the area is sharp for one
observer, it cannot be sharp, in general, for the second
observer. This implies that the minimal area measured
by one observer cannot be just Lorentz contracted for the
boosted observer. This is our main result.
We have also studied the conditions under which the
transformation between the two observables is unitary
in quantum theory. These conditions can be seen as re-
quirement on the precise definition of certain operators
in the quantum theory. We have suggested the explicit
form of the generator of local Lorentz transformations in
the theory, in a particular gauge.
We close with a discussion of the relation between dif-
feomorphism invariance and Lorentz transformations, in
this context. The theory is invariant under diffeomor-
phisms that act simultaneously on the gravitational field
and on the matter. However, it is not invariant under a
diffeomorphism that acts on the matter leaving the grav-
itational field untouched. Nor under a diffeomorphism
that acts on the gravitational field leaving the matter
untouched. Of course, diffeomorphism invariance implies
that to move the matter with respect to the gravitational
field is equivalent to moving the gravitational field with
respect to the matter. The Lorentz transformations we
have considered act on the matter at fixed field, or, equiv-
alently, on the field leaving the matter fixed. This is
why they are not part of the gauge. Concretely, we have
gauge fixed the coordinate position of the matter, and
considered an active Lorentz transformation rotating (in
spacetime) the gravitational field. While this would be
a gauge transformation in the absence of matter and in
arbitrary coordinates, it is, instead, a change of physical
state in the presence of matter, or, equivalently, in the
gauge fixed coordinates we have chosen. This is why, in
spite of being a linear function of the hamiltonian con-
straint, the generator of Lorentz transformations that we
have introduced defines a genuine transformation in the
physical Hilbert of the theory. Technically, since we have
gauge fixed the coordinates, the physical states are not
defined by the vanishing of the full constraints, but only
by the vanishing of the constraints smeared by generators
of diffeomorphisms that send the matter worldhistories
into themselves.
At the light of these considerations, the reason for the
explicit form of the generator we have considered (see in
particular (64)) is transparent: it changes the value of the
metric field from the one on the t = 0 surface to the one
of the surface t = βg1ax
a, namely to the Lorentz rotated
surface. Therefore it transforms the gravitational field
that determines the area of the table on the simultaneity
surface of the first observer into the field that determines
the area of the table on the simultaneity surface of the
boosted observer.
[1] L Garay, Quantum gravity and minimum length, Int J
Mod Phys A10 (1995) 145.
[2] J Magueijo, L Smolin, Lorentz invariance with an invari-
ant energy scale, Phys Rev Lett 88 (2002) 190403.
[3] C Rovelli, L Smolin, Knot theory and quantum gravity,
Phys Rev Lett 61 (1988) 1155; Loop representation for
quantum general relativity, Nucl Phys B331 (1990), 80.
[4] C Rovelli, Loop Quantum Gravity , Living Reviews in Rel-
ativity 1, 1998, http:// www.livingreviews.org/ Articles/
Volume1/ 1998-1rovelli.
[5] T Thiemann, Introduction to Modern Canonical Quan-
tum General Relativity, gr-qc/0110034.
[6] C Rovelli, L Smolin, Discreteness of area and volume in
quantum gravity, Nucl Phys B442 (1995) 593; Erratum:
Nucl Phys B456 (1995) 734.
[7] A Ashtekar, J Lewandowski, Quantum Theory of Geom-
etry I: Area Operators. Class Quant Grav 14 (1997) A55.
[8] C Rovelli,What Is Observable In Classical And Quantum
Gravity?, Class Quant Grav 8 (1991) 297.
[9] C Rovelli, A Generally covariant quantum field theory
and a prediction on quantum measurements of geometry,
Nucl Phys B405 (1993) 797.
[10] G Amelino-Camelia, On the faith of Lorentz symmetry
11
in loop quantum gravity and noncommutative spacetimes,
unpublished notes.
[11] S Weinberg, “The Quantum Theory of Fields” (Cam-
bridge University Press, Cambridge 1994).
[12] A Wipf, Hamilton’s formalism for systems with con-
straints, in “Canonical Gravity”, J Ehlers, G Friedrich
eds (World Scientific 1993).
[13] C Rovelli, L Smolin, Spin networks in quantum gravity,
Phys Rev D52 (1995) 5743.
[14] J Baez, Spin networks in nonperturbative quantum grav-
ity, in “The Interface of Knots and Physics”, L Kaufman
ed (American Mathematical Society, Providence, Rhode
Island, 1996).
[15] C Rovelli, Outline of a General Covariant Quantum Field
Theory and a Quantum Theory of Gravity, Journal of
Mathematical Physics 36 (1995) 5629.
[16] M Gaul, C Rovelli, Loop Quantum Gravity and the Mean-
ing of Diffeomorphism Invariance, Lect Notes in Phys
541 (2000) 277.
12
